4 - Message Passing Algorithms

Consider the (all the latent variables are discrete):
21 %) <3

Y1 Y2 Ys

The corresponding joint distribution has the form:
T T
p(yir, 217) = |P(21) HP (2¢ | z¢-1) HP (ye | z¢)
t=2 t=1

Our goal is to ,1.e. to compute the p (2t | y1.7), using

Bayes rule and Markov property we have:
p(2¢ = J | Yes11:Y14) XD (2t = J | Y1:e)P (yt+1:T | z¢ = j, %)
The are:

1. Observations y;.1
2. Initial distribution 7, = p (21 = k)
3. Transition model A;; =p (2t = j | z¢-1 = 1)

4. Local evidence p (y; | z: = k)
Our algorithm breaks into two parts:

1. the forwards algorithm compute the filtering distribution p (2; = j | y1.4) by working

forward in time,

2. the backward algorithm compute the p (y; 1.7 | 2; = j) terms by working backward in

time.

The forwards algorithm (Bayes filter) (Online)



Define vectors:

e Belief states: ay(j) =p (ze = 7| Y1)
o Local evidence: \;(5) £ p (y; | z¢ = J)
e Transition matrix: A;; = p (2t = j | zt-1 = 1)

The is given by

ag1(4) 2 (2 =7 yre1) = Zp(zt =7l 21 =0)p (21 =1 | Yre-1) = ZAi,jat—l(
i i

The is given by

: 1 . : 1 . : 1 . .
ay(f) = Z,P (e | 20 = J)p (2t = J | yre1) = ZAt(J)at\H(J) = Z)\t(]) ZaH(Z)A@
where we used the law of total probability, Bayes' rule, and Markov property. In matrix
notation we write a; = normalize ()\t ® (ATat_l)) . The normalization constant for

each time step is given by

K K
Z; = P(Ye | Y1) = Zp(yt | ze=9)p (2t =7 | Y1) = Z)‘t(j)aﬂt—l(j)
j=1 j=1

The forwards-backwards algorithm (Offline)
Define vectors:

o the conditional likelihood B;(5) £ p (Ysi1.1 | 2¢ = J)
o then v(j) £ p (2t = j | Yr1.1, Y14) = @¢(§)Be(j) = normalize (a: ® B).

We first have:

Bi-1(1) = p(Yur | 2021 = 1) = Zﬁt(j))\t(j)Ai,j

in matrix-vector form: B; 1 = A (A; ® B). The it
Br(i) =p(yriir | zr =) =p (D | zr =1i) = 1.



The Viterbi algorithm

Now we consider the MAP estimate, finding the sequences with maximum posterior

probability:
zi.r = argmaxp (217 | y1.r) = argmaxlogp (z1.7 | y1.7)
Z1.T Z1T
T
= argmax log m; (21) + log A1 (21) + Z log A (21, 2¢) + log A; (2¢)]
Zir t=2
This is equivalent to computing a below, where the

nodes are possible states at each time step, and

o the nodes are log \; (2;), except the first layer nodes are log 7, (21) + log A1 (21),
o the edges are weighted by log A (z¢—1, 2¢).
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OBSERVATION
The Viterbi algorithm is a algorithm, the algorithm is as follow:

The maximum probability we can assign to the data up to z; if we end up in

state j is given by the path

575(.7) é max p (zlzt—la Z2¢ = j7 yl:t)

21y 2t-1

The most probable path to state j at time ¢ must consist of the most probable path to some

other state ¢z at time t — 1, so
5:) = M) | max i1 (004
and we initialize by setting 1 (j) = m;A1(j). We also need to keep track of the most likely

previous (ancestor) state, for each possible state that we end up in:

a;(j) 2 argmax 0;_1(2)A; ;

2

At the end of forward pass, we will end up with, for each ¢ and j, an index a;(j).

In the backwards pass, we of states
using a traceback procedure, as follows: z; = a1 (z;" +1) , where we initialize using

z7 = argmax; 0p(%).



Overall, the time complexity of Viterbi is clearly O (K 2T) in general, and the space
complexity is O(KT).

Sum-product algorithm

We assume that our model is an undirected tree, we pick an arbitrary node as a root, and

orient all the edges downwards away from this root, so that each node has a unique parent:

In the graph we define the message passing:
My (22) = Y 14 (24) 924 (22, 24)
M52 (22) = i s (5)as (22, 25)
m3—1 (21) = i@bs (z3)¢13 (21, 23)
My (21) = f:% (2)¥12 (21, 22) M4z (22) M52 (22)

z22
Finally, we can obtain the marginal distribution over z1:
p(21) o< ¥y (21)masy (21)m3o1 (21)-

, we define the for each variable:

bels (z5) o< s (25) H Mitss (25)

tech,

To compute the outgoing message that s should send to its parent ¢, we pass the local belief

through the pairwise potential linking s and ¢, and then marginalize out s to get

Mst (zt) = Z d)st (zsa zt) bel (zs)



Then, at the root of the tree, bel; (z;) = p (z;) will have seen all the evidence.

Send messages back down to the leaves. The

message that s sends to its child ¢ is given by

bels (z5)

my s (zs)

Mt (zt) = Z s (Zs)'(pst (zs, Zt) H My s (zs) = Z Yt (Zsa zt)

2t uech,\t

We use this to update the belief state at node ¢ to get:
bel; (z¢) o bels (z¢t)ms—t (2¢)
Now, after both passing, we have that for each z;:
bel; (2¢) = p(zt)
Max-product algorithm

We can replace the sum operation with the max operation to get max-product belief
propagation. The result of this computation are a set of max marginals for each node, so we

have that for each z;:

bel; (z;) o maxp (z; =k, z; | Y)

—1

Now we can derive two different kinds of “MAP” estimates from these local quantities:

. z; = argmax, bel;(zi),

= *
. Z; = argmax, bel;(z;).

Let:



21,...,2n.] be the MPM estimate,

N>
I

[Z1,...,Zn,| be the MMM estimate,

I\
I

e 2" = argmax, p(z | y) be the true MAP estimate.



